Abstract. In this paper we investigate the relations between semispray, nonlinear connection, dynamical covariant derivative and Jacobi endomorphism on Lie algebroids. Using these geometric structures, we study the symmetries of second order differential equations in the general framework of Lie algebroids.
Introduction
The geometry of second order differential equations (SODE) on the tangent bundle T M of a differentiable manifold M is closely related to the geometry of nonlinear connections [11, 18] . The system of SODE can by represented using the notion of semispray, which together with the nonlinear connection induce two important concepts: the dynamical covariant derivative and Jacobi endomorphism [5, 6, 12, 19, 30, 43] . The notion of dynamical covariant derivative was introduced for the first time in the case of tangent bundle by J. Cariñena and E. Martínez [7] as a derivation of degree 0 along the tangent bundle projection. The notion of symmetry in fields theory using various geometric framework is intensely studied (see for instance [1, 4, 6, 15, 22, 24, 40, 41, 42] ). The notion of Lie algebroid is a natural generalization of the tangent bundle and Lie algebra. In the last decades the Lie algebroids [27, 28] are the objects of intensive studies with applications to mechanical systems or optimal control [2, 10, 13, 23, 26, 31, 32, 33, 35, 36, 37, 38, 39, 45] and are the natural framework in which one can develop the theory of differential equations, where the notion of symmetry plays a very important role.
In this paper we study some properties of semispray and generalize the notion of symmetry for second order differential equations on Lie algebroids and characterize its properties using the dynamical covariant derivative and Jacobi endomorphism. The paper is organized as follows. In section two the preliminary geometric structures on Lie algebroids are introduced and some relations between them are given. We present the Jacobi endomorphism on Lie algebroids and find the relation with the curvature tensor of Ehresmann nonlinear connection. In section three we study the dynamical covariant derivative on Lie algebroids. Using a semispray and an arbitrary nonlinear connection, we introduce the dynamical covariant derivative on Lie algebroids as a tensor derivation and prove that the compatibility condition with the tangent structure fixes the canonical nonlinear connection. In the case of the canonical nonlinear connection induced by a semispray, more properties of dynamical covariant derivative are added. In the case of homogeneous second order differential equations (spray) the relation between the dynamical covariant derivative and Berwald linear connection is given. In the last section we study the dynamical symmetries, Lie symmetries, Newtonoid sections and Cartan symmetries on Lie algebroids and find the relations between them. These structures are studied for the first time on the tangent bundle by G. Prince in [40, 41] . Also, we prove that an exact Cartan symmetry induces a conservation law and conversely, which extends the work developed in [29] . Moreover, we find the invariant equations of dynamical symmetries, Lie symmetries and Newtonoid sections in terms of dynamical covariant derivative and Jacobi endomorphism, which generalize some results from [6, 40, 41] . We have to mention that the Noether type theorems for Lagrangian systems on Lie algebroids can be found in [8, 31] and Jacobi sections for second order differential equations on Lie algebroids are studied in [9] . Finally, using an example from optimal control theory (driftless control affine systems), we prove that the framework of Lie algebroids is more useful than the tangent bundle in order to find the symmetries of the dynamics induced by a Lagrangian function. Also, using the k-symplectic formalism on Lie algebroids developed in [25] one can study the symmetries in this new framework, which generalize the results from [4] .
Lie algebroids
where (E, π, M ) is a vector bundle of rank m over M, which satisfies the following conditions: a) C ∞ (M )-module of sections Γ(E) is equipped with a Lie algebra structure [·, ·] E . b) σ : E → T M is a bundle map (called the anchor) which induces a Lie algebra homomorphism (also denoted σ) from the Lie algebra of sections (Γ(E), [·, ·] E ) to the Lie algebra of vector fields (χ(M ), [·, ·]) satisfying the Leibnitz rule (1) [
From the above definition it results:
and σ being a Lie algebra homomorphism, means that σ[s 1 ,
The existence of a Lie bracket on the space of sections of a Lie algebroid leads to a calculus on its sections analogous to the usual Cartan calculus on differential
where s i ∈ Γ(E), i = 1, k + 1, and the hat over an argument means the absence of the argument. It results that
The cohomology associated with d E is called the Lie algebroid cohomology of E. Also, for ξ ∈ Γ(E) one can define the Lie derivative with respect to ξ, given by 
and the Nijenhuis tensor of L is given by
For a vector field in X (E) and a (1, 1)-type tensor field L on E the Frölicher-
where L X is the usual Lie derivative. If we take the local coordinates (x i ) on an open U ⊂ M , a local basis {s α } of the sections of the bundle π
, m, are called the structure functions of the Lie algebroid, and satisfy the structure equations on Lie algebroids
Particularly, we get d
2.1. The prolongation of a Lie algebroid over the vector bundle projection. Let (E, π, M ) be a vector bundle. For the projection π : E → M we can construct the prolongation of E (see [20, 23, 31] ). The associated vector bundle is (T E, π 2 , E) where
and the projection π 2 (u x , v w ) = π E (v w ) = w, where π E : T E → E is the tangent projection. We also have the canonical projection π 1 : T E → E given by π 1 (u, v) = u. The projection onto the second factor σ 1 : T E → T E, σ 1 (u, v) = v will be the anchor of a new Lie algebroid over the manifold E. An element of T E is said to be vertical if it is in the kernel of the projection π 1 . We will denote (V T E, π 2|V T E , E) the vertical bundle of (T E, π 2 , E) and
we will denote by f c and f v the complete and vertical lift to E of f defined by
For s ∈ Γ(E) we can consider the vertical lift of s given by
) is the canonical isomorphism. There exists a unique vector field s c on E, the complete lift of s satisfying the following conditions: [16, 17] ). Considering the prolongation T E of E [31] , we may introduce the vertical lift s v and the complete lift s c of a section s ∈ Γ(E) as the sections of T E → E given by
Other two canonical objects on T E are the Euler section C and the tangent structure (vertical endomorphism) J. The Euler section C is the section of
The vertical endomorphism is the section of
and (∂/∂x
i , ∂/∂y α ) is the local basis on T E (see [31] ). The structure functions of T E are given by the following formulas
The coordinate expression of Euler section is C = y α V α and the local expression of J is given by J = X α ⊗ V α , where {X α , V α } denotes the corresponding dual basis of {X α , V α }. The Nijenhuis tensor of the vertical endomorphism vanishes and it results that J is integrable. The expression of the complete lift of a section ρ = ρ α s α is
In particular s
The differential of sections of (T E) * is determined by
In local coordinates a semispray has the expression
and the following equality holds
The integral curves of σ 1 (S) satisfy the differential equations
If we have the relation [C, S] T E = S then S is called spray and the functions S α are homogeneous functions of degree 2 in y α . Let us consider a regular Lagrangian L on E, that is the matrix
Considering the energy function
then the symplectic equation
determines the components of the canonical semispray [31] (9)
where g αβ g βγ = δ γ α , which depends only on the regular Lagrangian and the structure function of the Lie algebroid.
Nonlinear connections on Lie algebroids.
A nonlinear connection is an important tool in the geometry of systems of second order differential equations. The system of SODE can by represented using the notion of semispray, which together with a nonlinear connection induce two important concepts (the dynamical covariant derivative and Jacobi endomorphism) which are used in order to find the invariant equations of the symmetries of SODE. Definition 1. A nonlinear connection on T E is an almost product structure N on
If N is a connection on T E then HT E = ker(Id−N ) is the horizontal subbundle associated to N and T E = V T E ⊕ HT E. Each ρ ∈ Γ(T E) can be written as ρ = ρ h + ρ v , where ρ h , ρ v are sections in the horizontal and respective vertical subbundles. If ρ h = 0, then ρ is called vertical and if
Locally, a connection can be expressed as
The Lie brackets of the adapted basis {δ α , V α } are [36] 
The curvature of the nonlinear connection N on T E is Ω = −N h where h is the horizontal projector and N h is the Nijenhuis tensor of h.
In local coordinates we have
where R γ αβ are given by (11) and represent the local coordinate functions of the curvature tensor. The curvature of the nonlinear connection is an obstruction to the integrability of HT E, understanding that a vanishing curvature entails that horizontal sections are closed under the Lie algebroid bracket of T E. The horizontal distribution HT E is integrable if and only if the curvature Ω of the nonlinear connection vanishes. Also, from the Jacobi identity we obtain
Let us consider a semispray S and an arbitrary nonlinear connection N with induced (h, v) projectors. Then we set (see also [38] ).
Definition 3. The vertically valued (1, 1)-type tensor field on Lie algebroid T E given by
will be called the Jacobi endomorphism.
The Jacobi endomorphism Φ has been used in the study of Jacobi equations for SODE on Lie algebroids in [9] and to express one of the Helmholtz conditions of the inverse problem of the calculus of variations on Lie algebroids [38] (see also [3] ). We obtain
and in local coordinates the action of Lie derivative on the Berwald basis is given by
The Jacobi endomorphism has the local form
Proposition 1. The following formula holds
⊓ ⊔ For a given semispray S on T E the Lie derivative L S defines a tensor derivation on T E, but does not preserve some of the geometric structure as tangent structure and nonlinear connection. Next, using a nonlinear connection, we introduce a tensor derivation on T E, called the dynamical covariant derivative, that preserves some other geometric structures.
Dynamical covariant derivative on Lie algebroids
In the following we will introduce the notion of dynamical covariant derivative on Lie algebroids as a tensor derivation and study its properties. We will use the Jacobi endomorphism and the dynamical covariant derivative in the study of symmetries for SODE on Lie algebroids.
is said to be a tensor derivation on T E\{0} if the following conditions are satisfied:
iii) ∇ obeys the Leibnitz rule ∇(P ⊗ S) = ∇P ⊗ S + P ⊗ ∇S, for any tensors P, S on T E\{0}. iv) ∇ commutes with any contractions, where T
• • (T E\{0}) is the space of tensors on T E\{0}.
For a semispray S and an arbitrary nonlinear connection N we consider the R-linear map ∇ : Γ(T E\{0}) → Γ(T E\{0}) given by
which will be called the dynamical covariant derivative induced by the semispray S and the nonlinear connection N . By setting ∇f = S(f ), for f ∈ C ∞ (E\{0}) using the Leibnitz rule and the requirement that ∇ commutes with any contraction, we can extend the action of ∇ to arbitrary section on T E\{0}. For a section on T E\{0} the dynamical covariant derivative is given by (∇ϕ)(ρ) = S(ϕ)(ρ)−ϕ(∇ρ). For a (1, 1)-type tensor field T on T E\{0} the dynamical covariant derivative has the form
and by direct computation using (17) we obtain
which means that ∇ preserves the horizontal and vertical sections. Also, we get
The action of the dynamical covariant derivative on the horizontal section X = hX is given by following relations
Proposition 2. The following results hold
Proof. From (8) we get
But, on the other hand
and we obtain
For the last relation, we have
⊓ ⊔. The above proposition leads to the following result: Theorem 1. For a semispray S, an arbitrary nonlinear connection N and ∇ the dynamical covariant derivative induced by S and N , the following conditions are equivalent:
Proof. The proof follows from the relations (20) . ⊓ ⊔ This theorem shows that the compatibility condition ∇J = 0 of the dynamical covariant derivative with the tangent structure determines the nonlinear connection N = −L S J. For the particular case of tangent bundle we obtain the results from [6] . In the following we deal with this nonlinear connection induced by semispray. In this case the following equations hold
are the local coefficients of the Jacobi endomorphism.
Proposition 3. If S is a spray, then the Jacobi endomorphism is the contraction with S of curvature of the nonlinear connection
Proof. If S is a spray, then the coefficients S α are 2-homogeneous with respect to the variables y β and it results
which together with (15) yields Φ = i S Ω. Locally, we get R α β = R α εβ y ε and represents the local relation between the Jacobi endomorphism and the curvature of the nonlinear connection. Also, we have Φ(S) = 0.
⊓ ⊔ Next, we introduce the almost complex structure in order to find the decomposition formula for the dynamical covariant derivative.
Definition 5. The almost complex structure is given by the formula
We have to show that
Proposition 4. The following results hold
Proof. Using the relations (19) we obtain
In the same way, the other relations can be proved.
⊓ ⊔ In local coordinates we have
For a semispray S and the associated nonlinear connection we consider the R-linear map ∇ 0 : Γ(T E\{0}) → Γ(T E\{0}) given by
It results that
Any tensor derivation on T E\{0} is completely determined by its actions on smooth functions and sections on T E\{0} (see [44] generalized Willmore's theorem). Therefore, there exists a unique tensor derivation ∇ on T E\{0} such that
We will call the tensor derivation ∇, the dynamical covariant derivative induced by the semispray S (see [5] for the tangent bundle case).
Proposition 5. The dynamical covariant derivative has the following decomposition
Proof. Using the formula (16) and the expressions of F and Φ we obtain
In this case the dynamical covariant derivative is characterized by the following formulas
The next result shows that ∇ acts identically on both vertical and horizontal distribution, that is enough to find the action of ∇ on either one of the two distributions.
Proposition 6. The dynamical covariant derivative induced by the semispray S is compatible with J and F, that is ∇J = 0, ∇F = 0.
Proof. ∇J = 0 follows from (20). Using the formula
F = −h • L S • v − J and ∇F = ∇ • F − F • ∇ we obtain ∇F = (h • L S • h + v • L S • v) • (−h • L S • v) − (−h • L S • v) • (h • L S • h + v • L S • v) = = −h • L S • h • L S • v + h • L S • v • L S • v = = h • L S • (v − h) • L S • v = h • L S • L S J • L S • v = = h • L S • (L S • J − J • L S ) • L S • v = = h • L S • L S • (J • L S • v) − (h • L S • J) • L S • L S • v = = −h • L S • L S • v + h • L S • L S • v = 0.
⊓ ⊔
The next proposition proves that in the case of spray ∇ has more properties. 
Proof. Indeed, if S is a spray then we have S = hS and vS = 0 and it results
⊓ ⊔ Next, we introduce the Berwald linear connection induced by a nonlinear connection and prove that in the case of homogeneous second order differential equations it coincides with the dynamical covariant derivative. The Berwald linear connection is given by Proof. Using the properties of the vertical and horizontal projectors we obtain
and we obtain DJ = 0. From
⊓ ⊔ It results that the Berwald connection preserves both horizontal and vertical sections. Moreover, D has the same action on horizontal and vertical distributions and locally we have the following formulas
We can see that the dynamical covariant derivative has the same properties and this leads to the next result.
Proposition 9. If S is a spray then the following equality holds
Proof. If S is a spray then S = hS and vS = 0 which implies
But ∇Y = h[S, hY ] T E + v[S, vY ] T E and we will prove that h[S, hY ] T E = (F + J)[S, JY ] T E using the computation in local coordinates. Let us consider Y = X α (x, y)X α + Y β (x, y)V β and using (10) we get
Also, we have
and using the relations (F + J)(V α ) = δ α , (F + J)(δ α ) = 0 we obtain the result which ends the proof. ⊓ ⊔ Moreover, ∇S = D S S = 0 and it results that the integral curves of the spray are geodesics of the Berwald linear connection.
Symmetries for semispray
In this section we study the symmetries of SODE on Lie algebroids and prove that the canonical nonlinear connection can be determined by these symmetries. We find the relations between dynamical symmetries, Lie symmetries, Newtonoid sections, Cartan symmetries and conservation laws, and show when one of them will imply the others. Also, we obtain the invariant equations of these symmetries, using the dynamical covariant derivative and Jacobi endomorphism. In the particular case of the tangent bundle some results from [6, 29, 40, 41] are obtained.
and it results that the dynamical symmetry is characterized by the equations
Introducing (23) into (24) we obtain
Definition 7. A section X = X α (x, y)s α on E\{0} is a Lie symmetry of a semispray if its complete lift X c is a dynamical symmetry, that is [S,
Proposition 10. The local expression of a Lie symmetry is given by
where
|ε V α and using (1) we obtain
and it results the local expression of a Lie symmetry.
⊓ ⊔ We have to remark that a section X = X α (x)s α on E\{0} is a Lie symmetry if and only if (see also [34] )
and it results, by direct computation, that the components X α (x) satisfy the equations (23), (24) .
In local coordinates we obtain
We remark that a section X ∈ Γ(T E\{0} is a dynamical symmetry if and only if it is a Newtonoid and satisfies the equation (24) . The set of Newtonoid sections denoted X S is given by
In the following we will use the dynamical covariant derivative in order to find the invariant equations of Newtonoid sections and dynamical symmetries on Lie algebroids. Let S be a semispray, N an arbitrary nonlinear connection and ∇ the induced dynamical covariant derivative. We set:
Proposition 11. A section X ∈ Γ(T E\{0}) is a Newtonoid if and only if
which locally yields
with ∇X α given by formula (18) .
Proof. We know that J • ∇ = J • L S + v and it results J[S, X] T E = 0 if and only if v(X) = J(∇X). In local coordinates we obtain
is a dynamical symmetry if and only if X is a Newtonoid and
and X ∈ Γ(T E\{0}) we define the product
and remark that a section X ∈ Γ(T E\{0}) is a Newtonoid if and only if
The next result proves that the canonical nonlinear connection can by determined by symmetry.
Proposition 13. Let us consider a semispray S, an arbitrary nonlinear connection N and ∇ the dynamical covariant derivative. The following conditions are equivalent: i) ∇ restricts to ∇ : X S → X S satisfies the Leibnitz rule with respect to the * product.
Proof. For ii) ⇒ i) we consider X ∈ X S and using (26) we have vX = J(∇X) which leads to ∇(vX) = ∇(J∇X). It results (∇v)X + v(∇X) = (∇J)(∇X) + J∇(∇X) and using the relations ∇v = 0 and ∇J = 0 we obtain v(∇X) = J∇(∇X) which implies ∇X ∈ X S . For X ∈ X S we have
But ∇(JX) = (∇J)X + J(∇X) and from ∇J = 0 we obtain ∇(JX) = J(∇X) which leads to ∇ (f * X) = ∇f * X + f * ∇X. For i) ⇒ ii) we consider the set X S ∪ Γ v (T E\{0}) which is a set of generators for Γ(T E\{0}). We have ∇J(X) = 0 for X ∈ Γ v (T E\{0}) and for X ∈ X S using ∇ (f * X) = ∇f * X + f * ∇X it results S(f )∇(JX) = S(f )J(∇X), which implies S(f )(∇J)X = 0, for an arbitrary function f ∈ C ∞ (E\{0}). Therefore, ∇J = 0 on X S which ends the proof. The equivalence of the conditions ii), iii), iv) have been proved in the Theorem 1.
⊓ ⊔ Next, we consider the dynamical covariant derivative ∇ induced by the semispray S, the canonical nonlinear connection N = −L S J and find the invariant equations of dynamical and Lie symmetries. Proposition 14. A section X ∈ Γ(T E\{0} is a dynamical symmetry if and only if X is a Newtonoid and
Proof. From (20) it results ∇J = 0 and using (27) and (17) we get (28) . Next, using (25) and (14) the local components of the vertical section
is a Lie symmetry of S if and only if
Proof. Using (28) and the relation J( X c ) = X v we obtain (29) . ⊓ ⊔ Let us consider in the following a regular Lagrangian L on E, the Cartan 1-section θ L , the symplectic structure ω L = d E θ L , the energy function E L and the induced canonical semispray S with the components given by the relation (9) .
, then X is a Lie symmetry of the canonical semispray S induced by L.
Proof. We have
But ω L is a symplectic structure (L is regular) and we get [ X c , S] = 0 which ends the proof.
⊓ ⊔ 
Proof. Using the relation i
E E L and the skew symmetry of the symplectic 2-section ω L we obtain
and it results that the semispray S is a Cartan symmetry. ⊓ ⊔ Proposition 18. A Cartan symmetry X of the Lagrangian L is a dynamical symmetry for the canonical semispray S.
applying the Lie derivative in both sides, we obtain
Also, using the formula
But ω L is a symplectic 2-section and we conclude that [S, X] T E = 0, so X is a dynamical symmetry. ⊓ ⊔ Since Lie and exterior derivatives commute, we obtain
It results that, for a Cartan symmetry, the 1-section L X θ L is a closed 1-section.
Definition 10. A Cartan symmetry X is said to be an exact Cartan symmetry if the 1-section L X θ L is exact.
The next result proves that there is a one to one correspondence between exact Cartan symmetries and conservation laws. Also, if X is an exact Cartan symmetry, then there is a function
, and it results that f −θ L (X) is a conservation law for the dynamics associated to the regular Lagrangian L. Conversely, if X is the solution of the equation
Also, f is a conservation law, and we have 0
Therefore, we obtain L X E L = 0 and X is an exact Cartan symmetry.
⊓ ⊔ We have to mention that the Noether type theorems for Lagrangian systems on Lie algebroids are studied in [8, 31] and Jacobi sections for second order differential equations on Lie algebroids are investigated in [9] . 4.1. Example. Next, we consider an example from optimal control theory and prove that the framework of Lie algebroids is more useful that the tangent bundle in order to calculate some symmetries of the dynamics induced by a Lagrangian function. Let us consider the following distributional system in R 3 (driftless control affine system) [37] :
Let x 0 and x 1 be two points in R 3 . An optimal control problem consists of finding the trajectories of our control system which connect x 0 and x 1 and minimizing the Lagrangian
dt and u 1 , u 2 are control variables. From the system of differential equations we obtain u 2 =ẋ 3 ,
The Lagrangian function on the tangent bundle T R 3 has the form
with the constraintẋ 2 =ẋ 3 x 2 .
Then, using the Lagrange multiplier λ = λ(t), we obtain the total Lagrangian (including the constraints) given by
We observe that the Hessian matrix of L is singular, and L is a degenerate Lagrangian (not regular). The corresponding Euler-Lagrange equations lead to a complicated system of second order differential equations. Moreover, because the Lagrangian is not regular, we cannot obtain the explicit coefficients of the semispray S from the equation i S ω L = −dE L and it is difficult to study the symmetries of SODE in this case. For this reason, we will use a different approach, considering the framework of Lie algebroids. The system can be written in the next forṁ
The associated distribution ∆ = span{X 1 , X 2 } has the constant rank 2 and is holonomic, because
From the Frobenius theorem, the distribution ∆ is integrable, it determines a foliation on T R 3 and two points can be joined by a optimal trajectory if and only if they are situated on the same leaf (see [37] ). In order to apply the theory of Lie algebroids, we consider the Lie algebroid being just the distribution, E = ∆ and the anchor σ : E → T R 3 is the inclusion, with the components The components of the semispray from (9) are given by
The functions S α are homogeneous of degree 2 in u and it results that S is a spray. By straightforward computation we obtain the expression of the canonical spray induced by L S(x, u) = (u Also, the non-zero coefficients of the curvature from (11) of N are and we obtain that the Jacobi endomorphism is the contraction with S of the curvature of N , or locally R α β = R α εβ u ε . The Euler-Lagrange equations on Lie algebroids given by (see [45] )
lead to the following differential equationṡ
which can be written in the form dx
and give the integral curves of S. The Cartan 1-section θ L has the form
and the symplectic structure is
For the optimal solution of the control system (using the framework of Lie algebroids) see [37] .
Conclusions. The main purpose of this paper is to study the symmetries of SODE on Lie algebroids and relations between them, using the dynamical covariant derivative and Jacobi endomorphism. The existence of a semispray S together with an arbitrary nonlinear connection N define a dynamical covariant derivative and the Jacobi endomorphism. Let us remark that at this point we do not have any relation between S and the nonlinear connection N . This will be given considering the compatibility condition between the dynamical covariant derivative and the tangent structure, ∇J = 0, which fix the canonical nonlinear connection N = −L S J. This canonical nonlinear connection depends only on semispray. In this case we have the decomposition ∇ = L S + F + J − Φ which can be compared with the tangent case from [6, 30] . Also, in the case of homogeneous SODE (spray), the dynamical covariant derivative coincides with Berwald linear connection and the Jacobi endomorphism is the contraction with S of the curvature of the nonlinear connection. We study the dynamical symmetry, Lie symmetry, Newtonoid section and Cartan symmetry on Lie algebroids and find their invariant equations with the help of dynamical covariant derivative and Jacobi endomorphism. Finally, we give an example from optimal control theory which proves that the framework of Lie algebroids is more useful than the tangent bundle in order to find the symmetries of the dynamics induced by a Lagrangian function. For further developments one can study the symmetries using the k-symplectic formalism on Lie algebroids given in [25] .
